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Cardiovascular Mathematics

This learning object is designed to assist student understanding of the relationships between heart volumes and cardiac output. Following lecture, students will utilize their textbook and other resources to complete the worksheet either during or outside of class time. Through this exercise, student will use mathematical calculations of stroke volume (SV), ejection fraction (EF), and cardiac output (CO) to assist them in understanding the relationships between HR, SV, venous return, and contractility as they relate to the efficiency of the heart and cardiac output.  Because the equipment necessary to collect data for many cardiovascular variables is not common, this worksheet uses hypothetical values. The worksheet is aimed at undergraduate anatomy and physiology and human physiology courses. Depending on the student, the worksheet should take about one hour to complete. 

HAPS Learning Outcomes specifically covered: note numbering skips objectives not covered and is therefore not sequential. 
Regulation of cardiac output, stroke volume, and heart rate

1. With respect to cardiac output (CO):
b. Calculate cardiac output, given stroke volume and heart rate.
c. Predict how changes in heart rate (HR) and/or stroke volume (SV) will affect cardiac output.
2. With respect to stroke volume (SV):
a. Define end diastolic volume (EDV) and end systolic volume (ESV) and calculate stroke volume (SV) given values for EDV & ESV.
c.    Explain the significance of the Frank-Starling Law of the heart.
3. With respect to HR:
b. Explain the relationship between changes in HR and changes in filling time and EDV.

References:

Doohan, James (2000). Cardiac Output. Retrieved from                                                                   http://www.biosbcc.net/doohan/sample/htm/COandMAPhtm.htm
The HAPS Learning Outcomes Project (2010). Module K -Cardiovascular System. Retrieved from http://www.hapsweb.org/displaycommon.cfm?an=1&subarticlenbr=282 
Mohrman, D. E. & Heller, L. J. (2006). Cardiovascular Physiology 6th edition. New York: Lange Medical Books/McGraw-Hill. 

Cardiovascular Mathematics (Student Assignment)

Introduction
Cardiac output (CO) is defined as the volume (mL) of blood pumped by the heart per minute. The values for cardiac output are represented in mL/min, or L/min. Normal resting values range from 4 – 6 L/min and maximal cardiac output range is 30-40 L/min. You may be asking yourself, how can such an increase be achieved? To understand this, you have to understand all of the factors that determine cardiac output. Directly, cardiac output is a function of heart rate and stroke volume. The heart rate (HR) is the number of times the heart beats per minute. The stroke volume (SV) is the volume of blood, in milliliters (mL), pumped out of the heart with each beat. Increasing either heart rate or stroke volume increases cardiac output. 

Cardiac output in mL/min = heart rate (beats/min) X stroke volume (mL/beat) 
CO=HR x SV
As an example, imagine a person with a resting heart rate of 70 beats/minute and a resting stroke volume of 70 mL/beat, both of which are typical values. The cardiac output for this person at rest is calculated as follows:
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Cardiac Output = 70 (beats/min) X 70 (mL/beat) = 4,900 mL/minute or 4.9 L/min. 
*(Remember 1L = 1,000mL)
Control of Heart Rate 

If heart rate is part of what determines cardiac output, it is necessary to understand how heart rate is regulated. The SA node (pacemaker) of the heart is innervated by both sympathetic and parasympathetic nerve fibers. During resting situations the parasympathetic fibers release acetylcholine, which acts to slow the pacemaker potential (shown in red) of the SA node and thus reduce heart rate. This achieved by reducing the frequency at which threshold is reached. Any situation that increases the activity of the sympathetic division of the autonomic nervous system will cause sympathetic nerve fibers (called cardiac nerves in this case) to release norepinephrine (NE). NE acts on ion channels in the SA node to speed up the pacemaker potential and the atrioventricular (AV) nodes to increase the conduction rate of the action potential through the heart. Together this increases heart rate. Increased sympathetic nervous system activity also causes the release of more epinephrine from the adrenal medulla. Epinephrine from the bloodstream further increases the heart rate. Back to our original example, if heart rate increases to 180 beats/min (which is very fast) from the original 70 beats/min and stroke volume remains 70mL/beat the cardiac output increases from 4.9L/min to:
Cardiac Output = 180 (beats/min) X 70 (mL/beat) = 12,600 mL/minute or 12.6 L/min.
Control of Stroke Volume 

As the calculation above shows, a maximal cardiac output of over 30L/min cannot be achieved by raising heart rate alone. Like heart rate, stroke volume also affects cardiac output. At rest the heart does not fill to its maximum capacity. Therefore, if the heart fills with more blood then the amount of blood it could eject during contraction would increase as well. Additionally, at rest the ventricles of the heart only contract strongly enough to empty only about 50% of their volume during systole. This 50% is called the heart’s ejection fraction (EF), which is a measure of the efficiency and contractility of the heart. Normal resting values for EF are about 50-65%, and during exercise can increase dramatically. In short, if the heart contracts more strongly, then it could pump more blood per beat. At times of increased metabolic needs in the body, stroke volume increases because of both of these mechanisms; the heart fills up with more blood and the heart contracts more strongly. 

How does filling the heart with more blood cause increased stroke volume?
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Stroke volume is the amount of blood pumped per heart beat. Thus it can be calculated as amount of blood the heart has at the beginning of a contraction minus the amount of blood left in the heart at the end of the contraction. The amount of blood that returns to the heart to fill it is called the venous return. An increase in venous return of blood to the heart will result in greater filling of the ventricles during diastole. As a result the volume of blood in the ventricles at the end of diastole, called end-diastolic volume (EDV), will be increased. Normal resting EDV is around 100-140mL. A larger end-diastolic volume will stretch the heart. Stretching the muscles of the heart optimizes the length-tension relationship of the cardiac muscle fibers, resulting in stronger contractility leading to greater stroke volume. 
Starling's Law (pictured) describes the relationship between EDV and stroke volume, stating that the heart will pump out whatever volume is delivered to it. As an approximation, if the EDV doubles, so will the stroke volume. 

How does contracting more strongly cause increased stroke volume?

The cardiac muscle cells of the ventricular myocardium are richly innervated by sympathetic nerve fibers. Release of norepinephrine increases the intracellular concentration of calcium in myocardial cells, thus facilitating faster cross bridge cycling. Epinephrine released as a hormone will also stimulate an increase in the strength of myocardial contraction and thus increase stroke volume. Regardless of how much blood the heart filled with, there will be less blood left in the heart at the end of the contraction. This amount is called the end-systolic volume (ESV). Normal resting ESV is dependent upon EDV, but can range from 50-70mL.
Calculating Stroke Volume and Ejection Fraction
As defined above stroke volume is the difference in the “full ventricle” and the “empty ventricle”. This relationship can be expressed mathematically as follows:

Stroke volume = EDV (mL) - ESV (mL)
If EDV is 130mL of blood and ESV is 60mL of blood the calculation is:

Stroke volume = 130 mL - 60 mL = 70 mL/beat
Amount spent = amount at start – amount left over

Perhaps it may be easier to use money as an example for this math. Calculating ejection fraction is no different than describing how much of your money you spend at the grocery store. For example, if you start with $130 and buy groceries for $70, you still have $60 left over. Additionally, since you started with $130, the most you could have spent would have been $130. You can turn this into a fraction $70 spent out of $130, and write it as 70/130, which is just more than one-half. Some people like to use percentages and would say that they spend 54% of their budget, shown below. However, you should be able to show mathematically that you got to this conclusion by the following equation:
% of money spent = $ at start - $ you still have x 100%



         $ at start

If you substitute actual cardiovascular number here you get:

EDV = blood at the end of diastole (same as beginning of contraction and $ at start above)
ESV = blood at the end of systole (same as $ you still have above)

Ejection fraction = EDV – ESV x 100%              




EDV





Further substituting SV for EDV minus ESV gives the equation:

Ejection fraction = SV x 100%        
 

      EDV

Therefore, going back to the original equation you get:

	Ejection fraction = 70mL x 100%   = 53.8% (54%)
 

       130mL



How do stroke volume and heart rate affect one another?

Heart rate and stroke volume affect one another because the amount of blood needed by the body is the cardiac output, and many combinations of HR and SV can achieve the same CO. For example, a heart rate of 50 beats/min and a stroke volume of 80 mL/beat will produce a cardiac output of 4,000 mL/min, and so will reversing the values to 80 beats/min and 50 mL/beat. The difference is that the slower heart has a longer filling time, and thus the EDV is increased. This automatically leads to increased tension development in the myocardium (Starling’s law), and thus higher stroke volume. On the other hand, if the stroke volume is reduced due to decreased contractility, the heart rate can compensate to establish the necessary cardiac output. 
Problems
1. Using the formula for cardiac output, CO = HR x SV, fill in the following table.
	
	Heart Rate (beats/min)
	Stroke Volume (mL/beat)
	Cardiac output (mL/min)

	A
	60
	80
	

	B
	80
	60
	

	C
	100
	100
	

	D
	55
	90
	

	E
	120
	140
	


Which row(s) above is (are) most likely to represent individuals at rest? _______________
Which row(s) above is (are) most likely to represent individuals exercising? _______________
Of the individuals with normal resting cardiac output, which appears to have the strongest contractions? Explain your reasoning.  ___________________________________________________ _________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
2. Using the formulas for stroke volume, SV = EDV – ESV, and ejection fraction, EF = SV/EDV x 100%, fill in the following table and answer the questions below it.

	
	End-diastolic volume (mL)
	End-systolic volume (mL)
	Stroke volume (mL)
	Ejection Fraction

	A
	160
	80
	
	

	B
	180
	60
	
	

	C
	100
	50
	
	

	D
	155
	90
	
	

	E
	120
	30
	
	



Which row above represents the individual with the greatest venous return? Explain your answer. ______________________________________________________________________________________________________________________________________________________________________
_________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
Which row above represents the individual with the greatest contractility? Explain your answer. 
______________________________________________________________________________________________________________________________________________________________________
____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
Which row above represents the individual with the weakest heart? Explain your answer.
____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
______________________________________________________________________________________________________________________________________________________________________
Which row above represents the individual most likely to be exercising? Explain your answer.
____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
3. Consider the following table containing cardiovascular values collected from a highly trained athlete during a stress test. Fill in all of the blank spaces. Next, make 3 line graphs (to scale) with the cardiac output, stroke volume, and heart rate on the Y-axis against time on the X-axis. You must either use graph paper or you may produce a graph using computer software if you know how. After looking at the values, answer the questions about the person’s cardiovascular health. 
	Time (minutes)
	Heart rate (beats/min)
	Stroke volume (mL)
	Cardiac output (mL/min)

	0
	58
	90
	

	1
	
	110
	6,710

	2
	65
	
	8,450

	3
	70
	180
	

	4
	
	200
	15,000

	5
	82
	
	16,810

	6
	90
	205
	

	7
	
	200
	22,000

	8
	140
	
	27,720

	9
	160
	195
	

	10
	
	195
	34,710

	11
	185
	
	35,890

	12
	188
	192
	



Look at the graphs you made for cardiac output, stroke volume, and heart rate.
Is the initial increase in cardiac output caused more by changes in stroke volume or heart rate?

_________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

What happens to stroke volume beginning at 4-5 minutes and continuing until the end of the test? _________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
Since stroke volume maxes out at CO = 15,000 mL/minute, what is necessary to acheive cardiac output of over 15,000 mL/minute? _________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Why does stroke volume begin to decrease slightly during the second half of the stress test? _________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Problems - KEY

1. Using the formula for cardiac output, CO = HR x SV, fill in the following table.

	
	Heart Rate (beats/min)
	Stroke Volume (mL/beat)
	Cardiac output (mL/min)

	A
	60
	80
	4,800

	B
	80
	60
	4,800

	C
	100
	100
	10,000

	D
	55
	90
	4,950

	E
	120
	140
	16,800


Which row(s) above is(are) most likely to represent individuals at rest? _a, b, and d__
Which row(s) above is(are) most likely to represent individuals exercising? _c and e__
Of the individuals with normal resting cardiac output, which appears to have the strongest contractions? Explain your reasoning.  __d – because the stroke volume is the highest of a, b, and d. Stroke volume is related to the tension development by the myocardium._
2. Using the formulas for stroke volume, SV = EDV – ESV, and ejection fraction, EF = SV/EDV x 100%, fill in the following table and answer the questions below it.

	
	End-diastolic volume (mL)
	End-systolic volume (mL)
	Stroke volume (mL)
	Ejection Fraction

	A
	160
	80
	80
	50%

	B
	180
	60
	120
	67%

	C
	100
	50
	50
	50%

	D
	155
	90
	65
	42%

	E
	120
	30
	90
	75%



Which row above represents the individual with the greatest venous return? Explain your answer. __ B – because EDV is determined directly by venous return__Actually, cardiac output, rather than end diastolic volume, is the better index of venous return.  To use EDV, you need to account for any changes in heart rate.
Which row above represents the individual with the greatest  contractility? Explain your answer. 
__E – the ejection fraction is the best index for measuring contractility.__
Which row above represents the individual with the weakest heart? Explain your answer.
__D – Ejection fraction is the lowest. In this case with a slightly elevated EDV, the Starling law of the heart would suggest increased contractility. Therefore predicted ejection fraction would be in the upper part of the normal range. This is a heart that is filling well (perhaps over filling), but emptying (contracting) poorly.__
Which row above represents the individual most likely to be exercising? Explain your answer.
__B – B has both increased venous return as shown by the elevated EDV and increased contractility as shown by the ejection fraction. Even though E has the greatest contractility, EDV and therefore venous return is at the lower edge of the normal range. During exercise venous return is expected to be increased. Therefore it appears that the increased contractility in row E is due to some factor affecting only the contractility of the myocardium and not venous return.__ OK as explained, but a case could still be made for E – for example, exercise only involving a small number of muscles, such as in a gym.
3. Consider the following table containing cardiovascular values collected from a highly trained athelete during a stress test. Fill in all of the blank spaces. Next, make 3 line graphs (to scale) with the cardiac output, stroke volume, and heart rate on the Y-axis against time on the X-axis. You must either use graph paper or you may produce a graph using computer software if you know how. After looking at the values, answer the questions about the person’s cardiovascular health.
	Time (minutes)
	Heart rate (beats/min)
	Stroke volume (mL)
	Cardiac output (mL/min)

	0
	58
	90
	5,220

	1
	61
	110
	6,710

	2
	65
	130
	8,450

	3
	70
	180
	12,600

	4
	75
	200
	15,000

	5
	82
	205
	16,810

	6
	90
	205
	18,450

	7
	110
	200
	22,000

	8
	140
	198
	27,720

	9
	160
	195
	31,200

	10
	178
	195
	34,710

	11
	185
	194
	35,890

	12
	188
	192
	36,096
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Look at the graphs you made for cardiac output, stroke volume, and heart rate.

Is the initial increase in cardiac output caused more by changes in stroke volume or heart rate?

__stroke volume__

What happens to stroke volume after 4-5 minutes in this individual? __It plateaus__
How is cardiac output of over 15,000 mL/minute achieved? __large cardiac output changes are caused by heart rate increases after stroke volume plateaus.__

Why does stroke volume begin to decrease slightly during the second half of the stress test? __Because the heart rate has gotten so high that filling time is reduced. Therefore, EDV is lowered and stroke volume is reduced.__

Figure 1





Figure 2








Jason LaPres, M.H.S.


